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Abstract. We derive and justify analytically the dynamics of a small macro- 
scopically modulated amplitude of a single plane wave in a nonlinear diatomic 
chain with stabilizing on-site potentials including the case where a wave gener- 
ates another wave via self-interaction. More precisely, we show that in typical 
chains acoustical waves can generate optical but not acoustical waves, while 
optical waves are always closed with respect to self-interaction. 

1. Introduction 

The present work constitutes a generalization of previous work of the author, see 
[3], to a case of vector- valued displacement in nonlinear lattices. As the technically 
most simple but yet generic case we consider a nonlinear diatomic chain. For the 
physical derivation, interpretation and discussion of several applications of the har- 
monic diatomic chain we refer to [2] . Various questions concerning diatomic lattices 
have been addressed up to now, see e.g. [1, 4, 7, 8, 9]. Here we focus on the analyt- 
ical justification of the dynamics of small macroscopic amplitude modulations, see 
(12). More precisely, we consider the diatomic chain 

/js [x 2 j+l = V{(x 2j+2 -X 2j+1 )-V{(x 2j+ i-X 2j )-W{(x 2 j + l), . g g 

\%2j = V 2 (x 2j+ i - X 2 j) - V 2 (x 2 j - X 2 j-l) - W 2 (x 2j ), 

with nearest-neighbor interaction and on-site potentials Vi, Wi £ C 4 (IR), i = 1,2, 
such that 



(2) 



V({x) = v i>lX + v h2 x 2 + V({x), Vl(x) = 0(M 3 ), 
W!(x) = w iA x + w h2 x 2 + W{{x), W{{x) = 0(\x\ 3 ) 



Setting Uj = ( 3 ' j := ( ), j £ 2, and using the Taylor-expansions (2), the 

diatomic chain (1) takes the form 
(3) u= Cu + M{u), 

j (uj+1,2 - 2uj,i + %, 2 ) - wi t xUj :1 \ 
\v 2 ,i(uj,i - 2ujft - - w 2 .\Uj.2 j ' 



. fvi,2((u j+ l t 2 ~Uj,i) 2 - (Uj,l ~U h2 ) 2 ) - W la u] ! 

{M{u))j := , „ „. „ 
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+ (Vj{u j+ia - u jA ) - V{(u jA - u j>2 ) - W{(u jA )\ 
The linearized model u — Cu admits for non-trivial plane-wave solutions 



4E + C.C, E(t,j) —e'^*^, A 



A(2) 



provided the frequency w£l and the wave number € (— 7r, 7r] satisfy the disper- 
sion relation 

(4) d-i( W ,*)-0, ff(u, *) := („ 2 ^i+e-W) "'iC 1 '' 
where Cj := i + w^\. This is equivalent to 

(5) lj 2 = cj 2 ± (#) := ± ^( Cl - c 2 ) 2 + 8« 1 , lV2 , 1 (cos^ + 1). 
Assuming ci + C2 > 0, C1C2 > 4i>i,ii>2,i > 0, we obtain 



(6) 



w±(i?) := ^ ^ci + c 2 ± ^ (ci - c 2 ) 2 + 8i;i,i« 2 ,i(cosi? + 1)^ > 



for all i) G (— 7r, 7r] and the additional assumption c\ ^ c 2 yields the strict separation 
of the optical and acoustical branches of the frequency, 

> ci +c 2 + [ci — ca| > ci +c 2 - |ci-c 2 | > 2w 2 (tf) V G (-tt.tt]. 

All of the above assumptions are satisfied in the case lu^i > 0, 4i>^i + tu^i > 0, 
1^2.1 > 0, 2t)2,i + ii>2,i > 2^1^! + u^i, which we assume in the following. 
The eigenvectors A to the eigenfrcqucncics uj = uj± (9) are given by 

(7) AW = - P AM, ,:=^^ = ^!±1)^ 0) if^ ±7 r 
and 

(8) A=^^ forw = w_(±7r), A = Q° 2) J for w = w+(±7r). 

The plan of the paper is as follows. In Section 2 we discuss whether a given plane 
wave solution E can generate via self- interaction another plane wave E . Then, 
taking into account also this possibility, in Section 3 we derive formally the macro- 
scopic equations for the first order amplitudes Ai tTl of two waves n = 1,2, and 
finally, in Section 4, we justify the derived equations. 

2. Resonances 

Since we are interested in the self-interaction of a plane wave E, which means 
that E 2 is also a plane wave, in a diatomic chain we are interested in resonance 
conditions like the ones on the left hand side below. Making in (6) the substitutions 
c := {costf + l)/2 G [0,1], di := (ci + c 2 ) 2 // > 0, d 2 := ( Cl - c 2 ) 2 // > with 
/ := lBwi^ii^.i > and d\ — d 2 > 1, the problem of finding a d G (— tt, 7r] satisfying 
one of these resonance conditions is equivalent to finding a c G [0,1] for given 
d\ > d 2 + 1 > 1 satisfying the corresponding equation on the right hand side: 



2w (±) (0) - w± (20) 4 (v/^ (±) v/^2 + c) = v 7 ^ ± v 7 ^ + (2c - l) 2 

(9) ^ = (T) W<h + c±^d 2 + (2c - l) 2 . 
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By the positivity of all appearing square roots we immediately see that a resonance 
2w+($) = cj_(2i?), i.e., an optical wave generating an acoustical one, is not possible. 
Moreover, since 



3 > y/ck > \/chTi > -4 + c + v / rf2 + (2c-l) 2 , 

we see that an optical wave can not generate another optical one, i.e., 2u) + ($) ^ 
w+(2$) V $ £ (— 7r, 7r]. Thus, an optical wave is closed under self-interaction of 
order 2. 

However, an acoustical wave can generate an optical one by self-interaction, i.e., 
for appropriate choice of the harmonic parts of the interaction and on-site potentials 
there exist d £ (— tt,tt] such that 2w_(d) = w+(2$). After taking squares on the 
left and right hand sides, the corresponding condition (9) reads 

(10) 9di = 17d 2 + 16c + (2c - l) 2 + 8y/d 2 + cy/th + (2c - l) 2 , 

and we want to prove the existence of a c £ [0,1] that satisfies this condition for 
the d\,d 2 given above. We restrict ourselves to the case Vii = a > 0, v 2 ,i = "fa, 
7 > 1, u>i,i = 11)2,1 = b > 0. This setting satisfies all conditions posed so far on the 
harmonic coefficients, and we obtain 

47 7 \ a a" 2 / 47 

(which obviously satisfies di > ^2 + 1 > !)• Inserting these values into (10), we get 

- ( (7 + 1) - + K] = 85 - 9 + 16c + (2c - l) 2 + 8v / ^ + c v /(5+ (2c- l) 2 . 
7 V a a- J 

Hence, for every c £ [0, 1] such that 16c > 9 — 86 there exists a ^ such that (10) is 
satisfied. Since <5 > 0, we can always find such a c. 

Furthermore, the resonance condition for the generation of an acoustical wave 
from an acoustical one, 2u;_(d) = w_(2d), is equivalent to 

3^ = Vd 2 + c-y/d 2 + (2c - l) 2 

Concerning the case just considered, we observe that for d 2 = 5, the r.h.s. is nonneg- 
ative only for c £ [c e , 1] with c e := max{0, 5 ~ v/1 2 5l5+24 -} (and hence for all c £ [0, 1] 
when 8 > 1/15). Restricting our analysis to the set [c e , 1] (non-empty for all 5 > 0), 
we obtain by squaring and insertion of the values (11) as above 

- ( (7 + 1)- + V) = 86 - 9 + !6c+ (2c - l) 2 - 8VsTZ^S+(2c-l) 2 , 
7 \ a cr J 

although with a minus sign in front of the square root. Due to the existent on-site 
potential (where b > 0), in order to obtain resonances the r.h.s. g needs to be strictly 
positive for some c £ [c e , 1]. However, a careful analysis reveals that g{c) < for 
c £ [c e , 1], and we obtain that in the case «2,i = 7a > a = i>i,ij wu = W2,i = b > 0, 
an acoustical wave can not generate another acoustical one by self-interaction. 
Finally, we conclude by showing that w_(?9) + w + (2?9) 7^ oj + (3'd) for all £ 
71"]. Indeed, after squaring the left and right hand sides we sec that the equality 
is equivalent to 

- ^d 2 + c + y/th + (2c - l) 2 + 2^ {^h - v/d 2 + c) (VdT + V 7 ^ + (2c - l) 2 ) 



A/da + (4c- 3) 2 c- Vd 
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for dt > d 2 + 1 > 1. Since (4c - 3) 2 c = (cos(3tf) + l)/2 G [0,1], the r.h.s. of 
this equation is always < 0, and it suffices to show that the l.h.s. is > even for 
c > (2c — l) 2 . Hence, since d\ > d 2 + 1, it is sufficient to show that the l.h.s. with 
\fdl replaced by V^2 + 1 is > for c e [1/4, 1]. Comparing in this modified l.h.s. 
the square of the first two terms with the square of the third one, and adding a 
suitable term, this is equivalent to showing that 

4(1 -c) >( A /d 2+c - A /d 2 + (2c-l) 2 ) 

([y/d 2 + c-y/d2 + (2c - l) 2 ) + 4(^2 + 1 - y/ih + cj) 

for c e [1/4, 1]. Since the r.h.s. is positive and strictly decreasing as a function of 
d 2 > when c > (2c — l) 2 , it suffices to show 

g(c) := 4(1 - C ) - (VB- ^(2c - l) 2 ) ((^ - V(2c - l) 2 ) + 4(1 - ^)) >0 
for c e [1/4, 1], which holds true (as an elementary analysis shows), with g(l) = 0. 

3. Formal derivation 

We are interested in solutions of (3) which in first order in e are a sum of two 
macroscopically modulated plane- wave solutions with small amplitudes 

2 

(12) u = U^ 1 + 0(e 2 ), (U^it) :=eJ2 A hn(^,sj)E n (t,j) + c.c. 

71=1 

where A l>n = (A^,A^) T : R x R -> C 2 and E n {t,j) := e ^t+ 3 i) n ) with ^ #j 
satisfying (4). 

However, due to the scaling of A\^ n by e and the macroscopic nature of its time 
and space variables, its dynamics will include terms of second order in e. Hence, 
taking into account the nonlinearity of our original system (3) and the fact that we 
consider two different plane waves, we insert into (3) the improved approximation 

2 

(13) U^ 2 := Uf' 1 + e 2 ( £ (i 2 ,„E n + A 2 , ( „, n) E 2 ) + ^(^E^ 

n=l 

+ A 2) (i _2)EiE_ 2 + -A 2 ,(i _!) + C.C.) , 

where A %tl = (A^A^f : K x K -> C 2 , t e {1, 2} U /, / := {(1,1), (2,2), (1,2), 
(1, —2), (1, —1)}, are again functions of the macroscopic variables r = et, y = ej, 
and where E_„ = E n . Thereby, we use the Taylor expansions 

A%{; -±e)=4l± ed y A% + e 2 \d 2 y A^ n ^ d 2 y A%^ i± := d 2 y A%{r, y ± fa), 

4% ■ ± e) = 4:1 ± ^4:L±> ^4,U± : = 9 »4:l(^ y ± 6e) 

with a, 6 G (0, 1), assuming Ai,„(r,-) e C 2 (K;C 2 ), A 2 , t (r, ■) G C X (1R;C 2 ). 

Carrying out the usual (lengthy but straightforward) formal expansion in terms 
of e and E„, we obtain that t^ 4,2 = CU^' 2 + M(U^> 2 ) is equivalent to 

2 

e{ ^ H(u n , n )A lin En + c.c.} + 

n=l 
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-2iu n d T A^ + v^dyA^l \ n 
(if(2w„, 2'!?„)A 2i( „ )n) + ^ ( „ ! „ ) )E2 

+ [-ff(wi+CJ 2 ,1?i+'!?2)^2,(l 1 2) +if(l,2)jEiE 2 

+ (fr(wi-W2,^i-1?a)^a,(i.-2) +^(i,-2))EiE 
+ (0, 0)^2,(1,-1) + #(i,-i) + c.c.} + res([/ s 




-1-2 







with the explicit expressions for if t , i £ I, and res([/^' 2 ) = C(e 3 ) given in the 
Appendix. Hence, in order for our ansatz (13) to satisfy (3) up to order e, taking 
into account that Ei ^ E 2 , the systems H(oj n , $ n )Ai,„ = have to be satisfied. As 
we have already seen, since det H(uj n , $„) = 0, this gives the relation between first 
and second component of Ai >n (7), (8) with A, p, uj,i} replaced by Ai, n , p n , u n , $ n . 
Next, we assume that 

(14) det£f( w ,tf) ^0 for = (2w n ,20 n ), (w x ± wa.tfi ± <? 2 ), 

which means in particular that E 2 , EiE 2 , EiE_ 2 7^ Ei,E 2 . (Note here that 
det-ff(0,0) 7^ is always satisfied due to our stability assumption cic 2 > 4ui,ii; 2 ,i.) 
In this case and for 7^ ±7r, we obtain from the equations for e 2 E n 

(15) pjfil + 4% = - (2iu Jn d T A[ 1 l - v 1 , 1 ^d y Afl) 

1 '-■ " '( 2 ) ,„.. -M.a /itth 



2iw n 9 T ^r„ + «2 1 ie- Itf "9 J/ ^„ y 
w„-c 2 

Inserting A^ n = — p n A^ n , and noting that (5) gives 

t /a\_ -^1,1^2,1 sini? 

W±l j_ ^W(2^W- Cl -c 2 )' 
we obtain from the equality of the right hand sides of (15) 

(16) d T A^ n -Lj' ± (-& n )d y A^ n = for cj n = w±(0«). 
Analogously, in the case i?„ = ±7r we get from (8) (for A = Ai,„) 

(17) 9rA«=0, 4£ = -^^4£ fara£ = a£(±7r)=ci, 

C 2 -Cl 

(18) 9^g = 0, i* 1 ^^^ forc4=c4(±7r)=c 2 . 

C 2 — Cl 

Thus, we conclude that if the non-resonance conditions (14) hold, which means in 
particular that neither wave generates a new one via self-interaction, the dynamics of 
the amplitudes Ai, n are given by uncoupled transport equations where the velocity 
is the group velocity of the corresponding carrier wave. Hence, setting in particular 
^1,2(0, •) = we obtain that the dynamics of Ai t i are given, unsurprisingly, by a 
homogeneous transport equation. Moreover, since the K L , l € I, are known, as they 
depend only on the first order amplitudes A\, n (sec Appendix), and since (15), (17) 2 , 
(18)2 determine the relation between the components of ^4 2 , n , we obtain by (14) all 
A1.1 except for one component of -A 2 ,nj which can be assumed to be equivalcntly 
vanishing. 



(i 
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However, it is possible that {u 2 ,§ 2 ) = (2wi,2#i), i.e. E 2 = Ef, namely for 
LJ\ = cj_(i?i), L02 = w+(t?2), which moreover implies that Ef = E1E2, Ef = E 2 do 
not characterize plane waves, as we have shown in Section 2. In this case the formal 
expansion gives 

2 

gj ^if(w n ,0 n )A ljn E n + c.c.| 

n=l 

2 r ( (-2i^d T A^+v hl ^d y A^>\ n 
+ ^-2^a r ^-t, a|1 e-'*.^J +^'^)^+%.x)J^ 

+ (ff (2cJ 2 , 2^)^2,(2,2) + ^(2,2))Ef + (H(ui+U2, tfl+0 2 )4» 1 (l,2) + A(1,2))E? 

+ ijT(0, OjAa,^,.!) + X (1 ,_d + c.c.} + res(t/ £ A > 2 ) = 

The equations for e~E n are the same as before, and hence (7) and (8) (with A\ >n , 
p n , <j„, i?„) are still valid. Then, using p n , we obtain from the equations for e 2 E„ 
in the case i? n 7^ ±n 

Pi4S + 4? = Ull(e L 1+1) (2i^arAg - v 1A e^d y A^ + K$_ 2) ) 
= (2icj!d T 45 + wa.ie- 1 * 1 ^;! + ^{J-a)) . 

p 2 A% + A 2 2 \ = ^ ii(e L 2+1) (2io; 2 9 T Ag - t^e^^g + K$ 1} ) 
= (2iuj 2 d T A[ 2 l + v 2 , 1 e- w *d y A[ 1) 2 + K™) , 

U> 2 — C2 V ^ ' '/ 

and inserting (7) into the equalities on the right hand side we get for $1 7^ ±7r, 
#2 = 2#i, wi = w 2 = w+(# 2 ) = 2wi 



(19) 
with 



'M3 - ^(^)^45 = ^ K _:;;^_ C2) Ag^, 

^3 - = ^ 7^f^) (4!l) 2 



di := dv 2 ,2 



'-I e- i2,?1 -l e il5l -l 



/0lP2 P2 Pi 



2,2 - Wl,2, 



+ v ia (p lP2 {e^-l) + p 2 (e i2,?1 -l) + pi(e- Wl -l)) + dm 
^2,2 ( 2 + 2- -) + ui,a (p? (e iMl -1) + 2 Pl (e Wl -1) 

+ dl«2,2 - Wi, 2 , 

Vi.iwf i(2 + 4cos#! + 2cos$ 2 ) 
(cj 2 -c 2 ) 2 (w|-c 2 ) 
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Analogously, for $i = ±5, d 2 = 2i?i, wi = = w+($ 2 ) = \/^2 = 2^1 

we obtain 



(20) 



(2) 



1 u'i — C2+iof — ci 1,1 1,2 



2rb(2«2,2(l+Pl(l±i))- W 2,2P 1 )(4!l 



(1)\ 2 



with di = (Si T (w? - ci ) + wx, 2 (pi (l±i) + 2) and 

f 1=Fi « 2icJl q /iC 1 )^ , o ( l ' 2 - 2 

pi (— <U j - J + 2pi (— 



„ 4(1) , 4(2) 

Pl A 2,l + A 2,l 



2 . W2,2 
Tl 2 

wf-c 2 



1(1) 4( 2 ) 
^1. 1-^1,2 



.4 



(i) 



— + (2«i,a (p? + Pi (iTi)) + w h2 ) (Ag) 2 ) 



C2-C1 

and for $1 = ±7r, i9 2 = 2$i, wi = w_($i) = ^fc\, uj 2 = cj + (i9 2 ) = w +(0) = 2cl>i 

we get, using (8) and (7), the equations (19) with oj'_(di) = o/_ ($2) = and 
d\ = d,2 = —Wi 2, and 



A 



(2) 



^- (^iMiS + 4*2,2(1 + p2)434 x i) . 



P2^ + ^ = P2 ( ^£ - — — 9 T .A 

Hence, in the case E2 = E 2 we obtain two coupled equations for AYn'"" sp ' u , the 
solutions of which (cf. about their well-poscdncss Lemma 4.2) determine again L^ 4,2 
up to one component of Ai. n - We would like to stress that in order to obtain non- 
trivial dynamics for A\,\ we have to consider also the dynamics of the generated 
wave A\ 2 while if only interested in A\^ we could ignore the generating wave A\.\, 
see e.g. (19). Note in this context, that even for initial data Ai i2 (0, ■) = an 
amplitude A\^ ^ emerges, which motivates the notion of generation of waves. 

4. Justification 

The equations obtained by the formal derivation constitute only necessary con- 
ditions on the amplitudes A\, n of the ansatz (12). The purpose of the justification 
is to show that indeed solutions u of such a form exist. 

Theorem 4.1. Let V t ,Wi £ C 4 (R), i = 1,2, in (2) satisfy 

Vl Vl 



l(2) 



C 2 - Cl 
(1 



2iw 2 



,(l[2,resp.]) 



(21) Vi 1 = — , v 2 1 = — , Wi 1 > 0, 4i>i + miniMwi i,mw 2 1} > 0, M,m > 0, 
M ' m 

let U2 > uji > and fin € (— 7r,7r], n — 1,2, satisfy det H (u n , z9„) = and 
eit/ier det ff(2w„, 2tf„) 7^ 0, det if(wi ± w 2 , i?i ± tf 2 ) 7^ 0, 

or (w 2 ,tf 2 ) = (2wi,2i?i mod 2tt), detif(fcwi,/ctfi) 7^ 0, = 3,4, 

wit/i t/ie dispersion matrix H in (4), and Ze£ -A^ 1 ] 2 ^ : [0, To] x 1 -> C, tq > 0, be, 
respectively, the unique solutions of either (16) (or (17) or (18)) or (19) (or (20)) 
with 4J D (0,-) € ff 4 (M;C). 

Then, for the corresponding approximation U^ 1 and every c > 0, (i € (1,3/2] 
there exist £q,C > smc/i that for all e € (0,£o) and all t €E [0,To/e] any solution u 
of (3) satisfies 



'u - 
.u — U, 



A,l (0) 



< ce 11 



u-U f A < ] 
ii-U. 



A,X (*) 
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Proof. The idea of the proof is classical, see e.g. [5]. We write the microscopic 
model (3) as a first order system in Y := (£ 2 ) 4 with {i 2 f = {I 2 ) 2 x {I 2 ) 2 = 
{( 2 x I 2 ) x (t 2 x £ 2 ) and I 2 = £ 2 (Z), 



l\ ~,„ / 



(22) u = £u + M(u) with «:=LJ. £ := ( £ J ' ^ : " I M( u ; 

where I : (l 2 )' the identity. Then, the flow of the linearized system 

u = Cu preserves the energy norm on Y, 

NI^HHII + IHIm 

= ^ (vi(|Uj+l,2 - %,i| 2 + K',i - %\2| 2 ) + Mtoi^lu^il 2 + 7mU 2 ,l|Wj,2| 2 ) 
+ ^(MK ;i | 2 +mK, 2 | 2 ) fory=(^ 

i.e. its associated semi-group e tc satisfies |e t£ j|y^y = f, and from (21) it follows 
by Fourier transformation that the norms \\-\\e, II 'II a/ and |H|(^ 2 ) 2 , and hence also 
||-||y and ||-|j^2)4, are equivalent: ki||u||^2)2 < ||u||j\/ < 1| (£ 2 ) 2 , K i|M|(£2)2 < 
\\u\\e < K2||m||(^)3) and Kx||u||(^2)4 < \\u\\y < &2|NI(.e 2 ) 4 > with ki,Ki,hi > and 

|M|(£2)2 = ||wi|| 2 2 + \\U 2 \\ 2 2 for U = (U 1 ,U 2 ) T , ||w|| 2 p)4 = ||w|| 2 f 2)2 + |M|^2)2- 

We consider the error e^i? e := u — U A ' 2 = (u — U A ' 2 ,ii — U A,2 ) T between 
an original solution u of (3) and the improved approximation U A ' 2 given by (13) 
with the Ai^ n , A 2yL determined by the formal derivation. Since for this U A ' 2 we 
have LXJ A - 2 + M(U A > 2 ) - t) A ' 2 = tcs(U A ' 2 ) , inserting R £ into (22) we obtain the 
differential equation 



K M{U A > 2 + e?R e ) -M(U A2 ) + res(U A > 2 ) 



R? = CR F + s-' 3 



Taking the energy norm of its integral formulation, assuming ||i? e (0)|| y < d, and 
applying Lemma 4.2 c), we get 



(23) \\Re(t)\\ Y < d + e^-^ToCr + e- 13 f \\M(U A > 2 +e' 3 R £ ) - M{U A ' 2 )\\ M ds 

Jo 

for e G (0, £o], t G [0,r o /e]. From (3) and (2) we get by the mean value theorem 

(24) \\M(u) - M(v.)\\ M < c M (\\u\\i-~ + ||u||^)||u-u||m for \\v.\\t<*> < c 

with ||tt||^=o = max{||ui|jfoo , ||u2||£°°} for u = (ui,U2) T <G (£ 2 ) 2 , and cm depending 
only on Vi,Wi and Co > 0. 

Wc set D := {d + sl /2 ' l3 Toc r )e To3cMCAk2 / Kl with c A from Lemma 4.2 a) and 
£o > such that EqD/ki < EqCa < c /2. Since ||i? e (0)|| y < d < D and ||i? £ (i)|| r 
is continuous, there exists for every e £ (0,£o] a t s D > 0, such that ||i? e (i)|| < D 
for t G [0,i|,]. Then, for e G (0,e ] and t G [0, min{T /e, t e D }] (24) gives 

\\M(U^ 2 +e p R E ) - M(U A ' 2 )\\ M < eP +1 (3c M c A K 2 / Kl )\\R £ \\ Y . 

Inserting this estimate into (23) and applying Gronwall's Lemma, we get 

II^WHv ^ (d + el /2 ' (3 T a c r )e eacMCAk2 / K ' <D for e G (0,e ], * G [0,r o /e]. 
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Finally, with d := k 2 c + e^ 2 ^ 'cj and C := (D + e^/ 2 l3 cj)/ki we obtain from 
Lemma 4.2 b) and the equivalence of || • || and \\-\\y the assertion of the theorem. 

□ 

Lemma 4.2. For U^' 2 given by (13) with A\^ n , A 2 . L as determined in Section 3 
and initial data A^ n (0,-) G -ff 4 (K;C), there exist To, £0, c,4, c/, c r > such that for 
all e e [0, so], et G [0, r ] 

a) ||£^ 2 |U < b ) H^-^lly < e 3/2 cj, c) \\res(U^ 2 ) || M < e 5 / 2 c r . 

Proof. Inserting into (12), (13) and rcs(U A ' 2 ) (see Appendix) A\' n = —p n A\' n 
(with Pn = for $ n = ±tt, u n = y/ci), A%1 = [or A[]l = A {2) n = for 0„ = ±tt, 
w n = -JoZ], ana - the 4 2 n [ or 4'ii respectively], A 2>1 , l € I, spccihed in Section 3, 
recalling |V7(x)|, |W/(x)| = O(\x\ 3 ) x ^ and the equivalence of ||-||m, IHI(^)2, 

and using the corollary of Sobolev's embedding theorem (cf., e.g., [3, Lemma 3.1]) 

\\<p{e(-+0)\\ e 2<ce~ 1/2 \\<p\\moi t o, £ : Z [-1, 1], e G (0,e ], 

and A,B G C([0,t o ]; H 1 (R;C)) =» AB G C([0, t ]; # x (R; C)), we obtain that the 
above estimates are satisfied, provided 

9^4^ resp -» G CaO.Ttoljif^C)) for |(p,g)| < 2, (p, g) = (3,0), (2,1). 

Since the macroscopic equations for A^ 1 j [ 2 '' ) , n = 1,2, are semilinear autonomous 
transport systems with smooth nonlincarities, standard results of semigroup theory 
(cf., e.g., [6, Th. 6.1.7]) yield that for initial data A[] l2]) (0, •) G H m (R;C), m > 
1, there exist unique classical solutions with d^A^ G C([0, r ]; iJ^R; C)) for 
9)1 5; m — 1 up to some To G (0, 00]. Hence, for m = 4 we obtain the statement 
of the lemma. □ 

5. Appendix 

For completeness we present here the K L = (K L ,K L ) , 1 G /, and res([/,T' 2 ) = 

(resi(£/^' 2 ),res 2 ([/^' 2 )) T derived in Section 3, with t = 1,2 (where i + 1 = 1 for 
i = 2) and with the upper sign corresponding to i = 1. 

*g„) :=±^(<Y(e ±iM "-l)^^^ 

ifg 2) := ± 2 Wij2 (4;+ 1) 4^ 1) (e ±i ^+^)-l) - ^US" 1 ^* 2 -!) 



tf£_ 2) :=±2« i , 2 (4*+ 1) 4^ 1) (e ±i ^-^-l)-454^ 1) (e^-l) 
-4f ) 4l(e ±Wl -l))-2 U ; i , 2 4i4L 



,2 



n=l 



re Sl ([/^ 2 ) := £ 3 [ - T t ± Witl J} ± 2w i , a (A^i-(^i-A a )(fi 1 -Ba)) - 2^i, 2 ^iS 
+ e 4 ( - Si ± v h2 (E?+2D l E l -(B 1 -B 2 ) 2 ) - w i>2 B^ ± £ 5 v t , 2 E t F % ± eV 2 i^ 
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± Vl{eD i +s 2 E i +e 3 F i ) T Vl{e(A 1 -A 2 )+e 2 (B l -B 2 )) - W' i (sA i +e 2 B i ), 

2 

Ti :=£ ((^ n +a r 4; ) n 2i Wn )E„ + a r 4 < i ) (niB) 4i Wn E») 

ri=l 

+ 5 T 4'° (1 2) 2i(o; 1 +W2)EiE 2 + a r 4' (1 _ 2) 2i(w 1 -a; 2 )E 1 E_ 2 + c.c, 

n=l 

A, := A« E„ + c.c, A := ± E (A^e^-A^)E n + c.c, 

71=1 n— 1 

2 

Bi := ^ (^2 ? i E n + ^(„,„) E n) + ^2 (1,2) E 1 E 2 + ^2,(l,-2) E lE-2 + g^l-l) 

71=1 

+ C.C, 

n=l 

± (^^(^-^JExE, ± (i^e^-^-iil-^EiE-, 
+ _C4 (2) ^l+cc 

^ 2 V 2,(1,-1) 2,(1,-1)/ ^ 
n=l 

■f ^-^(l^.&i ^1^2 -r t, y /1 2,(l,-2),5 2 ± J^l^-2 

_i_ Ifl -I- r r 

+ 2 y 2,(1,-1),^ 2 ± TCC 
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